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timality in wireless networks with single-hop transmissions. These algorithms suffer from two problems:
(1) large delays, and (2) temporal starvation phenomenon, where communication links are inactive for a
prolonged period of time before getting service. To mitigate these two problems, in this paper, we pro-
pose a novel v(t)-regulated CSMA algorithm which can be implemented in a distributed manner using the

Keywords: RTS/CTS mechanism. Link scheduling is performed such that links with longer queues are favored so as
Queue length to reduce average delay. The v(t)-regulated CSMA algorithm also ensures a more frequent switch between
CSMA schedules such that the effect of temporal starvation is reduced. The proposed algorithm is throughput

Delay characteristics optimal and achieves fully local implementation without global message passing. The thresholds to reg-

ulate the proposed algorithm are studied to optimize the upper-bound of the delay performance. We
show through both hardware implementation and numerical evaluations that the algorithm indeed mit-
igates the temporal starvation problem and achieves far better delay performance than one of the other

throughput-optimal CSMA algorithms.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

Efficient scheduling of wireless resources has always been
one of the most challenging tasks for wireless networks. To
achieve throughput-optimality, traditional back-pressure algo-
rithms [1,2] calculate a maximal weight matching at each time slot.
However, these algorithms need centralized scheduling with high
complexity, and thus are not suitable for practical distributed im-
plementations.

Recently, a class of distributed CSMA algorithms have been pro-
posed in the literature [3-6] that achieve throughput optimality. In
these algorithms, communication links are allowed to update their
transmission based on a weight function of their queue lengths.
We refer to these algorithms as regular throughput-optimal CSMA
algorithms in the following discussion. We will use one of such
algorithms as a benchmark in the implementation and analytical
results later in this paper. Although these CSMA algorithms have
been proved to be throughput-optimal [4,5], they suffer from the
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following problems: (1) Temporal starvation, defined in [10] as the
phenomenon of links “being starved for prolonged periods indef-
initely often despite having good stationary throughput”. In other
words, links usually undergo prolonged periods of inactivity fol-
lowed by a prolonged period of activity. Temporal starvation leads
to bursty service and undesirable jitter performance. The reason
for this behavior is the operation of regular throughput-optimal
CSMA algorithms: These algorithms schedule a link that was al-
ready active with high probability for prolonged periods, even if
there are few (or even no) packets in its queue, during which its
neighboring links suffer from starvation. (2) Undesirable delay per-
formance [4,12]. This behavior of regular throughput-optimal CSMA
algorithms also leads to the scheduling of links with short queues
while there exist unscheduled links with longer queues in the net-
work, resulting in long average packet delays.

There are a limited number of works analyzing the delay and
temporal starvation problems in the literature. It has been shown
in [9] that regular throughput-optimal CSMA algorithms achieve
polynomial delay upper-bound for a fraction of capacity region in
networks with single-hop transmissions. The effect of number of
channels on temporal starvation is analyzed in [10]. Congestion
control using virtual queues has been proposed in [12] in an at-
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tempt to reduce delay without addressing the temporal starvation
problem.

To address the delay and temporal starvation issues, in this pa-
per, we propose a v(t)-regulated CSMA algorithm that achieves
fully local implementation without global message passing. Under
the proposed algorithm, only links with weights above a certain
threshold qualify to be scheduled. Since link weights are increas-
ing functions of packet queue lengths, resources are scheduled to
links with sufficiently large queue lengths only. This approach po-
tentially alleviates the “persistent” scheduling problem of regu-
lar throughput-optimal CSMA algorithms. Compared to those algo-
rithms, the v(t)-regulated CSMA algorithm possesses the following
two salient features: (1) Links with larger queue lengths are sched-
uled. By favoring longer queues over shorter ones, delays in longer
queues are potentially reduced, and this reduction outweighs the
increase in the delay of packets in the shorter, unserved queues.
Thus, the average delay is potentially reduced. (2) The change in
link schedules is more frequent. When an active link does not have
sufficient data packets, the v(t)-regulated CSMA algorithm requires
the link to relinquish the wireless resource (i.e., channel). By hand-
ing over the channel much earlier, i.e., when the packet queue
length drops below a threshold, the v(t)-regulated CSMA algorithm
ensures a faster and more frequent switch between schedules, mit-
igating the temporal starvation problem.

While achieving an improvement on delay and temporal star-
vation, we prove that the wv(t)-regulated CSMA algorithm is
throughput-optimal, as well. The proof is based on the time-scale
separation assumption (i.e., the Markov chain of the schedules cho-
sen by the scheduler is in steady state in each time slot) which has
been employed in [3,4] and verified in [7,8]. Furthermore, our pro-
posed CSMA algorithm is shown via both hardware implementa-
tion and simulations to have a much more favorable delay perfor-
mance than a regular throughput-optimal CSMA algorithm [4] for
the same set of arrival rate vectors. The temporal starvation prob-
lem is also shown to be mitigated significantly, where we use the
second moment of inter-service intervals as the metric to charac-
terize the degree of temporal starvation.

The rest of the paper is organized as follows: We propose the
v(t)-regulated CSMA algorithm and present its theoretical perfor-
mance analysis in Section 2. Further discussions are provided in
Section 3. Specifically, a method to approach time-scale separation
is presented in Section 3.1, and we provide a guideline on choosing
thresholds for the proposed algorithm in Section 3.2. We present
the implementation results and numerical results in Sections 4 and
5, respectively. We conclude our work in Section 6.

2. v(t)-Regulated CSMA Algorithm

We introduce the network model in Section 2.1, with the pro-
posal and theoretical performance analysis of the v(t)-regulated
CSMA algorithm presented in Sections 2.2 and 2.3, respectively. Be-
fore discussing details of the network model and algorithm design,
we provide a summary of notations in Table 1.

2.1. Network model

Consider a wireless network with network topology (N, L),
where N denotes the node set and £ denotes the set of single-
hop directional communication links with |£| = L. Each | € £ can
be represented by [ = (m,n) as a single-hop flow from source m
to destination n, for some m,n € N'. We consider a general conflict
graph interference model [3-6]. Specifically, for each link [ € £, we
define an interference set A; € £, such that link [ cannot transmit
simultaneously with any link in V. Without loss of generality, we
let I e NV}, VI € £, and assume symmetric interference: j € A; if and

only if i e N}, Vi, j e L. A set of links x C £ is called an indepen-
dent set if none of the links in x interfere with each other, i.e,
i¢ N, Vi j e xwith i # j. We denote the set of all independent
sets by Z associated to the network topology (N, £).

We assume the considered wireless system is time-slotted, as
is typical in many wireless standards (such as WLANs). We also
assume that the transmission rate of each link is normalized and
takes value in {0, 1}. Let A(t) be the arrival process of the com-
munication link [ € £ over time slots t. For analytical simplicity,
we assume the arrival process A/(t) is independent across | € £ and
i.i.d. over time slots t with mean A;.! Without loss of generality, we
assume that A(t) is upper-bounded by some constant Ay, Vi e L.
At each time slot t, we represent a schedule by a vector wu(t) £
(())1er, with py(t) € {0, 1} denoting the link rate schedule for
link I € £. A schedule is said to be feasible if 3~ ;. \q\yy 14(t) = 0, for
any | € £ with p;(t) = 1. Thus, when we associate each link | € £
with a packet queue length Q/(t), the corresponding queue dynam-
ics can be written as:

Qt+1) =[Q@) — w@®] +A(E), Vt=0 (1)
where the operator [-]* = max{0, -} and we assume that the arriv-
ing packets A,(t) are admitted to the packet queue at the end of
each time slot t. The queue dynamics (1) can be equivalently rep-
resented as:

Qt+1) = Q) — i (t) + A1) + By (D). (2)

where B;(t) £ (u(t) — Q) Vo0 <y 1)) denotes the unused ser-
vice for link I at time slot t, with 1 being an indicator function
of the event E.

2.2. v(t)-regulated CSMA algorithm

Central to our proposed v(t)-regulated CSMA algorithm is the
establishment of a vector of thresholds (7;);c., such that, if the
packet queue of an active link [ has a link weight below thresh-
old n;, the active link [ relinquishes the wireless resource and be-
comes idle. Since link weights are increasing functions of packet
queue lengths, only links with sufficiently large queue lengths are
scheduled. In comparison, under regular throughput-optimal CSMA
algorithms, when a link occupies the channel, even if it has few
packets (or even no packets) in its queue, it is highly likely that
this link will remain scheduled for a considerably long period
of time. By always scheduling links with sufficiently large queue
lengths, the v(t)-regulated CSMA algorithm potentially results in
a reduction of packet delays in these scheduled queues, which
outweigh the increase in delay of the packets in the other un-
scheduled queues (which have fewer packets). Hence, the wv(t)-
regulated CSMA algorithm potentially reduces the average delay.
In addition, under the proposed algorithm, the switch between
schedules becomes more frequent than under regular throughput-
optimal CSMA algorithms, mitigating the temporal starvation. Note
that the distributed implementation of the algorithm is provided
in Section 4.1.

In the following, we introduce definitions necessary for our
CSMA algorithm. We first define the indicator variable v(t) =
Ly 0>y} | € £, where wi(t) is the link weight of e £ and 5
is the algorithm designed threshold for link . We denote v(t) £
{v;(t)},c,- Since we require that the v(t)-regulated CSMA algorithm
only schedule links I with link weights w(t) larger than threshold
n; (ie., vy (t) = 1), we first define a v(t)-regulated network topology
(N, L(v(t))) generated based on the original topology (V, £). The
v(t)-regulated link set £(v(t)) is defined as:

Lv@®) ={leL:y) =1}

T We note that the analysis can be readily extended to the case when A(t) are
Markovian over time.
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Table 1
Summary of notations for the network model and the algorithm.
Notations Definitions
N Node set of the network.
L Set of single-hop directional communication links with |£| = L.
I = (m,n) A single-hop flow from source m to destination n, for some m,n e N.
n Algorithm designed threshold for link I
X An independent set of links where none of the links in x interfere with each other.
T Set of all independent sets associated with the network topology (V, £).
Al(t) Arrival process of the communication link [ € £ over time slots t.
w(t) Link rate schedule for link I € L.
Q) Packet queue length of link I € £.
Bi(t) Unused service for link [ at time slot t.
wi(t) Link weight of | € £ at time slot t.

v(t) Indicator variable defined as v;(t) = 1qw,(t)=n,}-
L(v(t)) Set of links whose link weights w,(t) are greater than the thresholds 7,.

v(t)-Regulated CSMA Algorithm:

1. Randomly select an independent set x(¢) € Z(v(t)) with probability (w.p.) py(), such

that:
> pa =land Uy, sox(t) = L(v(1)).

3

x(t)eZ(v(t))

2. Scheduling link rates:
2.1 VI e x(t),

(t) =1, w.p. pi(t)
2.1.2 Else, y(t) = 0.

201 TE Y gy (= Dos(8) = 0:
cwi(t)
s m, w(t) =0, wp. 1 —py(t).

22 Vi€ L\X(t), m(t) = m(t — Du(t).

Fig. 1. v(t)-regulated CSMA algorithm - Link weights updated every T time slots.

i.e,, £(v(t)) is the set of links whose link weights w(t) are greater
than the corresponding thresholds 7,. Under the v(t)-regulated
topology, we further define the set of all v(t)-regulated indepen-
dent sets Z(v(t)) as:

Z(vit) &2 {xeZ:Viexyt)=1}cT.

In addition, we define v(t)-regulated interference sets N;(v(t)), | €
L, as follows:

M) 2 {leN;:v(t) =1}, VI e L.

In Fig. 1, we propose the v(t)-regulated CSMA algorithm. In Step
1, an independent set X(t) is selected probabilistically from Z(v(t)).
Links in x(t) are scheduled in Step 2.1, and other links are sched-
uled in Step 2.2. Specifically:

- In Step 2.1, for any link ! e x(t), if its neighboring links in
the interference set N are not scheduled in the previous time
slot or do not have a link weight above the threshold, i.e.,
Zje/\/l\{l} wjt —1v;(t) =0, then link [ is scheduled service
(u(t) = 1) with link activation probability

A ewi(®)
pi(t) = Trem®

Otherwise, p;(t) =0.

- In step 2.2, for any link I not belonging to x(t), u;(t) = 0 when
v;(t) = 0; otherwise, the schedule for link [ is unchanged, i.e.,
i (t) = pyt = 1).

From the selection of x(t) and Step 2.2, we know that y;(t) =1
only if v;(t) =1 (i.e, wi(t) > n;). The link weight w(t) is defined
as w(t) = f(Q(t)), where the link weight function f:R* — R*
is chosen as follows: f(x) =x in [3]; f(x) =loglog(x+e) in [5];
f(x) =log(x+1) in [4,6]. It is easy to check that the above choices
for function f satisfy the following properties:

(4)

« Property (i): f is an increasing function with limy ., f(x) = oco.
« Property (ii): For any given 0 < €3 < 1, there exists Qy; > 0 such
that Vx > Qu,

(1-€e)f) <f(x-1) < fx+An) < (1 +€3)f(x).
« Property (iii): f(x) < 1, Vx > 0.

Since wi(t) is an increasing function of queue length Q/(t), the
v(t)-regulated CSMA algorithm ensures that only links with suf-
ficiently large queues (such that the corresponding link weights
wy(t) are larger than the thresholds 7;) can be scheduled. Hence,
an active link will switch to an idle state when it does not have
a sufficiently large number of data packets in its queue, handing
the resource over to other links with larger packet queues. On
the other hand, under the regular throughput-optimal CSMA algo-
rithms, even if an active link has few or no packets in its queue,
it will continue to occupy the channel for prolonged periods with
high probability, during which other links in its interference set
suffers from starvation. Thus, with the v(t)-regulated CSMA algo-
rithm, the problem of temporal starvation is mitigated. Since ser-
vice is scheduled only to links with sufficiently large queue lengths
(i.e., links with packets having potentially large delays), the delay
performance is also improved. The selection of the thresholds 7,
is also essential to the algorithm performance, and a guideline on
choosing the thresholds are provided in Section 3.2.

In Section 4.1, we introduce in detail a distributed implementa-
tion of the v(t)-regulated CSMA algorithm, based on an RTS/CTS
handshake mechanism. In the next subsection (Section 2.3), we
show the throughput-optimality of the proposed algorithm. Im-
plementation results and numerical analysis on delay performance
and the temporal starvation issue are provided in Sections 4.2 and
5, respectively.
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Table 2
Summary of propositions, lemmas, and theorems.

Statements Purposes

Proposition 1 (Section 2.3)
Proposition 2 (Section 3.2)
Lemma 1 (Section 2.3)
Lemma 2 (Section 2.3)
Lemma 3 (Section 2.4)
Lemma 4 (Appendix A)
Lemma 5 (Appendix A)
Theorem 1 (Section 2.3)
Theorem 2 (Section 3.1)

Inequality for the proof of Theorem 2.
Inequality for the proof of Theorem 2.

Show feasibility of the schedule produced by the v(t)-regulated CSMA algorithm.

Introduce a feasible choice of (), for the proposed v(t)-regulated CSMA algorithm to minimize the delay upper bound.
Show schedules from v(t)-regulated CSMA algorithm approximate a maximum weight matching scheduler with high probability.
Introduce an auxiliary stationary randomized algorithm to facilitate the proof of Theorem 1.

Show the v(t)-regulated CSMA algorithm is equivalent to the scheduler in Fig. 2.

Show throughput optimality of the v(t)-regulated CSMA algorithm.
Show throughput optimality of the modified v(t)-regulated CSMA algorithm.

2.3. Throughput optimality of the v(t)-regulated CSMA algorithm

In this subsection, we prove the throughput optimality of the
proposed algorithm in Theorem 1. Before providing details of the
proof, we enumerate the upcoming propositions, lemmas and the-
orems as well as their purposes in Table 2.

We will first show in Proposition 1 that the v(t)-regulated
CSMA algorithm always produces feasible schedules.

Proposition 1. The schedule produced by the v(t)-regulated CSMA al-
gorithm is feasible, ie., if y(t —1) € Z, then y(t) € Z, where y(t) £
{lel:pu()=1}.

Proof. For any | € y(t), we consider the following two cases:

« If | € y(t)nx(t), where x(t) is the independent set chosen ac-
cording to Step 1 in Fig. 1, then w;(t — Dv;(t) =0, Vj e M\ {1},
according to Step 2.1. Given any je M;\{l}, we know that
Jj¢x(t), since x(t) is an independent set and I € x(t). If v;(t) =
0, then p;(t) =0 according to Step 2.2. Otherwise (i.e., when
vj(t) =1), uj(t—1)=0, and hence w;(t) = pu;(t—-1)=0 ac-
cording to Step 2.2. Therefore, j g y(t).

If I € y(t)x(t), then p;(t—1)=1 and v;(t) =1 according to
Step 2.2. For any given j € Aj\{l}, we have

D it = Du(®) =yt = Dyg(t) = 1. (5)
keNj\ L}
In addition, w;(t—1) =0, since p(t—-1)=1, ie, ley(t -
1) el

If j e x(t), then w;(t) =0 by (5) and Step 2.1.2. Otherwise (i.e.,
when j¢x(t)), from Step 2.2, p;(t) < p;(t — 1) = 0. Therefore,
jgy(e).

Since the above analysis holds for any I € y(t), we have shown
that y(t) € Z, i.e., y(t) is an independent set: for any given I € y(t),
we have jgy(t), Vie M\{l}. O

To support our analysis of the throughput performance, we in-
troduce two related lemmas, Lemmas 1 and 2, to assist the proof of
throughput optimality in Theorem 1. Specifically, in Lemma 1, we
show that the schedules produced by the v(t)-regulated CSMA al-
gorithm approximate a maximum weight matching scheduler with
high probability. In Lemma 2, we introduce an auxiliary stationary
randomized algorithm.

Lemma 1. Under the time-scale separation assumption (the Markov
chain of the schedules chosen by the scheduler is in steady state in
each time slot), for any given €, and 81 satisfying 0 < €4, 61 < 1, we
can find a constant B(eq, 81) > 0 such that for any time slot t and
with probability greater than (1 — &,), the link rate scheduler finds a
schedule (u,(t)),c.. satisfying:

Zwl(t)u,(t) > (1—€])I§ISIXZW,(1‘), whenever ||w(t)]||. > B,

leL lex

(6)

where w(t) £ (Wi (0))iez. [[W(E) [l = maxye, [w(0)], and

1
B2m (Ll 241 ) ‘m
ax{€ 0g2+log - ). — xeaIxZn,
For notational simplicity, we denote || - ||2]| - || in the following dis-
cussion. In (6), maxxez > jx Wi (£) can be considered as the maximal
weight matching over all feasible schedulers.

Proof. The proof of Lemma 1 is provided in Section 2.4. O

We define the capacity region A as the set of all arrival rate
vectors (A;);c, supportable by the network, i.e., there exists a fea-
sible scheduling algorithm, centralized or distributed, which is able
to stabilize all the packet queues. Then, for any rate vector in
A, there exists an (auxiliary) stationary randomized algorithm as
stated in Lemma 2.

Lemma 2. For any rate vector (A;),., Strictly within the capacity re-
gion A, ie, we can find some €, > 0 such that ((1+ €)X, €
A, there exists a stationary randomized algorithm with schedules
(1 STAT(t)) independent of the queue lengths (Q;(t));... such that,
for any time slot t,

E{u;™ ()} = (1 + €)n, VI e L.

Similar formulations of randomized algorithm STAT and corre-
sponding proofs have been given in [2,13], so we omit the proof of
Lemma 2 for brevity.

A scheduling algorithm is throughput-optimal if the packet
queues are stable in the mean [2,13] under the algorithm. The
throughput optimality of the proposed algorithm is concluded in
Theorem 1.

Theorem 1. The v(t)-regulated CSMA algorithm is throughput-
optimal, for any arrival rate vector strictly within the capacity region
A:
1
1 T-1 2
limsup = Y E{ | Y f2Q) | ¢ =

T—oo [ 0 leL

o]

2
=2, @)

where B, > 0 and 0 < € < 1 are constants defined as follows:
2 Lf(Am) +Lf(Qm) + Lf(Qu + Am)Au + v BL, (8)

= min[(y (1 + &) - DA - €3Au] > 0,

with y £ (1 —¢€;)(1 - 8;). Note that €4, 81, B are defined in Lemma
1; €, defined in Lemma 2; and €3, Qy defined in Property (ii) of the
link weight function f.

Proof. The proof of Theorem 1 is given in Section 2.5. O

Since € > 0 is required to ensure a positive upper-bound in (7),
we must have from definition of ¢ that

Y > (9)

1+62’
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x(t)eZ(v(t))
2. Schedule link rates in £(v(t)):
2.1 Vil ex(t),

2.1.2 Else, yu(t) = 0.

3. Schedule link rates in £\L(v(t)):

200 I 3 gy 5 (E— 1) = 0
m(t) =1, wp. pi(t); pu(t) = 0, w.p. 1= pi(t).

2.2 Ve L(v(t)\x(t), pu(t) =t —1).

An equivalent scheduler on v(t)-regulated topology (N, L(v(t))):

1. Randomly select an independent set X(t) € Z(v(t)) W.p. py), such that:

> b = land Uy, sox(t) = L(v(1)).

w(t) =0, Vi € L\L(v(t)). Or equivalently, j(t) = 0, VI € L such that w;(t) < n.

Fig. 2. An equivalent scheduler for the proof in Lemma 1.

and
ly(1+e)-1]A
Ay ’

Since ¥ < 1 can be chosen arbitrarily close to 1 (due to the fact
that €; and §; can be arbitrarily small according to their defini-
tions in Lemma 1) and €3 > 0 can be chosen arbitrarily small ac-
cording to Property (ii) of the link weight function, there exist y
and €3 such that the inequalities (9) and (10) hold.

Note that the underlying Markov chain is positive recurrent due
to the queue stability in the mean (7) according to Meyn and
Tweedie [14], which implies the stability of the network [9].

€3 < min (10)
leL

2.4. Proof of Lemma 1

In this subsection, we prove Lemma 1 introduced in Section 2.3.
We first show that the v(t)-regulated CSMA algorithm is equivalent
to the scheduler in Fig. 2 in the following lemma:

Lemma 3. Given wu(t — 1), w(t), and v(t), the v(t)-regulated CSMA
algorithm is equivalent to the scheduler in Fig. 2.

Proof. Since Step 1 (of selecting an independent set X(t) e
L(v(t))) is the same for both the v(t)-regulated CSMA algorithm
and the equivalent scheduler, proving Lemma 3 is equivalently to
proving that the link schedules are equivalent under both algo-
rithms given x(t). For any given | € £, we consider the following
two cases:

- L e x(t):
Since

PN IGERVGEIESY
Jen\{t} JeN(VEN\{1}
Step 2.1 under the v(t)-regulated CSMA algorithm is equivalent
to Step 2.1 under the equivalent scheduler. Thus, the schedule
for w,(t), | € x(t), is equivalent under both algorithms.

I e £\x(t):

In this case, w;(t) =p;(t— 1)y (t) under the v(t)-regulated
CSMA algorithm. Since

L\{X(O)} = (Lv(E)\x(£)) U (L\L(V(D))),

we consider the following two subcases under the equivalent
scheduler. If I € £(v(t))\x(t), then according to Step 2.2 un-
der the equivalent scheduler, p;(t) = p;(t — 1) = p; (t — Dy (t).
Otherwise (i.e., when | € £\L(v(t))), according to Step 3 under
the equivalent scheduler, pu;(t) =0 = pu;(t — 1)v(t). Therefore,
the scheduler for w(t), I € £\x(t), is equivalent under both al-
gorithms.

it —1),

Since the above discussion holds for any given [ € £, we con-
clude that the two algorithms are equivalent. O

Step 1 and Step 2 of the equivalent scheduler in Fig. 2 form
the regular throughput-optimal CSMA algorithm [9] with respect
to the v(t)-regulated topology (N, £(v(t))). The Proposition 2 in
[4] proved the throughput optimality of the regular CSMA algo-
rithm under the time-scale separation assumption. The proposition
can be rephrased as follows: For any given 0 < €7, §; < 1, we
can find By(e1, 1) > 0 such that, with probability greater than
(1 —-384), the equivalent scheduler (and hence the v(t)-regulated
CSMA algorithm according to Lemma 3) schedules (u;(t));c, satis-
fying the following:

> wi () (t)
leL
€1
1- 2L 2 t), wh t By,
> ( 3 xer}l(eé)) 2 w(t), whenever ||w(t)|| > B;
= (1-5)max > wi(t)v(t), (11)

lex
where B; £ % (Llogz + log s%)
When ||w(t)|| > B, we have:

€1 €1 €1B
7ﬂ,gglleWz(t) > Slw®] > == = max}
X

lex

> max y wi(6)(1-v(0)).

lex

where the last inequality follows the definition of v/(t). Hence, we
obtain the following inequality, when ||w(t)|| > B,

€1
(l - 7) nxlealxgw,(t)
€.

<max y wi(0) (v (6) +1 - vy(0)) - max 3wy (6) (1 - vy (t))

lex lex

=max ZWI Oy (t).

lex
Combining (11), we know that, w.p. larger than (1 — &;), whenever
[Iw(o)ll > B,

3w Owi (o)

leL

> (1 - 62—1) T&X%}Wl(t)vl (t)
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€1 2
-(1-%) max S w(©) = (1 - e max S wic)
€X

lex

which concludes the proof of Lemma 1.

2.5. Proof of Theorem 1

In this subsection, we provide the proof for Theorem 1 in-
troduced in Section 2.3. We first define the Lyapunov function
LQ()) £ Y1, 8(Q(t)). where Q(t) 2 (Q(£))e, and g (X) = f(x).
We denote the corresponding Lyapunov drift as A(t) £ E{L(Q(t +
1)) — L(Q(t))|Q(t)}. From Taylor's Theorem, we have the follow-
ing

A =Y E{fQE)Q+1) -Q1)IQM)}

leL
=Y E{f(Q)A®IQD)}
leL
+ Y E{f@QO) A - m@)QO)},
leL

where Q;(t) lies between Q,(t) and Q;(t + 1), Ve L
Since B;(t) =0 if Q(t) > 1, we have f(Q;(t))B;(t) < f(Q;(t +
1))1{‘24(0:0} < f(Ay). Consequently,

E(A®)} <Lf(Aw) + Y E{F@©))AWD) — m(©)}. (12)

leL

To upper-bound the expectation of the Lyapunov drift E{A(t)} in
(12), we first find an upper-bound for f(Q;(t))(A;(t) — u;(t)). From
Property (ii) of the link weight function f, for any given €5 > 0,
there exists Qy > 0 such that VQ,(t) > Qu,

(1-€e)f(Q(t) < f(Q() < (1+€)f(Q(D)).
Utilizing the above property, if Q,(t) > Qp, we have

FQE)A©) = (©))
<(1+ &) fF(QO)IA®) — (O]
—(1 = &) fQE) [ () — A O]
= fQ@) A1) — (1) + €3 f(QE))IA(E) — p (D)]
= FQO) A(E) — (1)) + €3Au f(Q(D)).

Hence, f(Q;(t))(A;(t) — u;(t)) can be bounded from above as fol-
lows:

FQ@O)A() — (1))
<fQ)A(t) — () (g,0)>0u)
+FQO) A — () g 0)<qy) + €3AMF(Q ()
< FQ®) A — () + FQE)) () — A 1g,0)<0u)
+€3Anf(Q(£)) + f(Qum + Am)Am
< FQ(O)AI(E) — 1)) + €3Amf(Q(t))
+f(Qm) + f(Qu + An)Awm,

which leads to the following inequaility:

E{A®)} = Lf(Au) + Lf(Qu) + Lf(Qu + Am)Au
+ E{f(Q®) (€A + A1)

leL

=Y E{f(Q®) )} (13)

leL

The last term of the RHS of the inequality (13) can be upper-
bounded by

- Y EFQO)mO)

leL

=—P([lw®)|| > B) Y Ewi O ©®I(lw®)| > B)} (14)

leL

—P([lw(®)|| < B) Y E{w (t) s, ()| (|[w(t)|| < B)}

leL

< —yP(w(®)]| > B)E{max  “w(®)[(|[w(D)]| > B)}

lex

< —yP(lw®]l > B) Y E{w (O ui™" O] Iw(®)]| > B)}

leL

= -y > Ewi(Oui™ (O} + yP(Iw(b)]| < B)

leL

x Y E{wi O™ (O] (Iw(t)]] < B)}

leL
<=y Y E{wi ()™ ()} + yBL, (15)
leL

where we have employed Lemma 1 to (14) and substituted
in (15) the stationary randomized algorithm STAT defined in
Lemma 2.

Employing the above result to (13), we have

E{A®D) = B+ Y E{f(Q ) [esAn +A () — y ™ (0)]}

lec
=By + ) E{f(Q(t)[e3Am + A — y L (1 + &)]}
lec
< By—e ) E{f(Q())}, (16)
leL

where we have employed Lemma 2 to (16).
Taking the time-average over t =0,1,..., T — 1 of both sides of
(16) and taking the limsup with respect to T, we conclude

T-1 :
limsup%ZE |:Zf2(Ql(t)):|

Tooo t=0 leL

. 13 B,
SIITTHSUPTZE{ZHQI(U)} = <’

t=0 leL

which proves (7).
3. Further discussions

In this section, we provide further discussions on the imple-
mentation issues of the v(t)-regulated CSMA algorithm. Specifi-
cally, a modified v(t)-regulated CSMA algorithm is proposed to ap-
proach time-scale separation in Section 3.1 and a feasible choice of
thresholds is introduced in 3.2.

3.1. Approaching time-scale separation

We recall that Lemma 1 (and hence Theorem 1) in Section 2.3 is
based on the time-scale separation assumption. This assumption
requires the schedule determined by the algorithm to converge to
its steady state faster than the rate at which link weights w(t)
change over time. In this section, we propose a method, referred to
as vy(t)-regulated CSMA algorithm, to approximate this time-scale
separation by updating the link weights less frequently.

The wvy(t)-regulated CSMA algorithm is illustrated in Fig. 3.
Specifically, we make the Markov chain of the schedules con-
verge to the steady state distributions by updating the link weights
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vr(t)-Regulated CSMA algorithm:

x(t)€Z(vr(t))
2. Scheduling link rates:

2.1 Wl e x(t),
201 T Y gy it — Do
w(t) =1, wp. prr(t)

2.12 Else, u(t) = 0.
2.2 Vle L\x(t), w(t)

1. Randomly select an independent set x(t) € Z(vr(t)) w.p. px(

Z Px(t) = 1 and pr(t)>0 X(t)

5T r(t) = 0:
A et
T e T®?

)» such that:

= L(vr(t)).

s (t) =0, wp. 1 —prr(t).

= jult = Do (t).

Fig. 3. vy(t)-regulated CSMA algorithm.

w; 1(t) in the v(t)-regulated CSMA algorithm periodically every T
time slots, [ € £,

wyr(t) = f(QKT)), kT <t < (k+1)T, (17)

where T denotes the update period and k takes integer values. Sim-
ilarly, we also update the indicator vector periodically as vy (t) =
W1 (6)) 1, With

v r(t) =y (kT), kT <t < (k+ 1T, le L.
We note that the link activation probability is redefined as

R ewir(®)

pir(t) = Tien®

The throughput-optimality still holds with the modified algo-
rithm, which is formally stated in the following theorem.

Theorem 2. The vy(t)-regulated CSMA algorithm is throughput-
optimal.

The proof of Theorem 2 is provided in Appendix A.

3.2. A guideline on choosing thresholds (1)),

The selection of the thresholds (1,),., is essential to the perfor-
mance of the v(t)-regulated algorithm. Since it is extremely hard
to find closed-form results on packet delay for queue-length-based
CSMA algorithms (though there are a few works in the literature
that provide order results, e.g., [9]), instead of finding an optimal
threshold that minimizes delay, we provide a guideline on the se-
lection of thresholds (1), in the following. Note that the RHS
(BG—Z) of (7) can be considered as an upper-bound for packet queue
lengths, which is an indicator on the delay performance. Thus we
choose the thresholds 1, | € £, such that this upper-bound 2 is
minimized. In the following proposition, we introduce such a fea—
sible choice of (1;),., for the proposed v(t)-regulated CSMA algo-
rithm.

Proposition 2. Given ¢; = §; < 2(167@2)
, (L+1)log2+log 12

= Jdel, 18
nm=nc* zmaxerZ[ggllex (18)

guarantees that is minimized.

Proof. According to the definition of B, in (8) and the definition of
B in Lemma 1, it is sufficient to prove that the choice (18) ensures
that

— max <B
€1 xeI an =

(Llogz +log — 3, )

For any | € £, we obtain from (18) that

1+¢

arQEaIxX:n, ((L+1)10g2+10g )581,
completing the proof. Remark that since €; and 6; can be chosen
arbitrarily small, the given choice of €¢; and §; is feasible and en-
sures that the constraint (9) holds, ie, ¥y = (1 —681)2 >1—-28; >

If local links do not have the knowledge of €,, which can
be considered as the “distance” between the arrival rate vector
and the maximal throughput, we can utilize a more conservative
(smaller) choice of n;:

(L+1)log2
2 MmaXxer Zleﬁ 1IEX

We note again that the value n¢ does not necessarily minimize
the delay or the expectation of packet queue lengths. Instead, we
show in Proposition 2 that this choice is suboptimal in that it min-
imizes an upper-bound for queue lengths. Through numerical eval-
uations presented in Section 5, we show that choosing the thresh-
old as n¢ indeed leads to favorable delay performance and sig-
nificantly mitigates the temporal starvation compared to a regular
throughput-optimal CSMA algorithm.

n = el

4. Implementations

In this section, we first introduce a distributed implementa-
tion of the v(t)-regulated CSMA algorithm in Section 4.1. We fur-
ther implement the proposed algorithm in hardware on the Cross-
bow TelosB platform and present the implementation results in
Section 4.2.

4.1. Distributed implementation of the v(t)-regulated CSMA algorithm

In the following, we present a distributed implementation of
the v(t)-regulated CSMA algorithm. This distributed implementa-
tion is based on the RTS/CTS mechanism. Note that the RTS/CTS
handshake is only a tool to implement the distributed local inter-
action of the algorithm and other alternatives may exist. We as-
sume each node has a single transceiver, i.e., a node cannot trans-
mit and receive at the same time. For each node n € /, we define
the following link set: I;(t) £ {(n,i) € £ : vy;(t) = 1}, where vy(t)
denotes v,(t) with [ = (n,i). For initialization, we let 1;(0) =0
VlielL.

The main difficulty in the distributed implementation is to ran-
domly select an independent link set satisfying condition ((3)). To
achieve this, we employ the RTS/CTS mechanism. Specifically, in
each time slot, we assign a number of Ts control mini-slots before



D. Xue et al./Computer Networks 122 (2017) 56-69 63

Distributed CSMA Algorithm at node n in time slot ¢
Step 1. Initialization:
A node 7, is selected in I, (t) uniformly at random;
n chooses a backoff time b,, uniformly at random from the
first (7 — 1) mini-slots.
Step 2. RTS-CTS handshake:
for mini-slot t; = 1:7T; (i.e., ts is the current mini-slot)
Step 2.1. The first micro-slot: CTS transmission
if 7 has not overheard in the past any RTS(m), Vm # n
and n has not overheard any collision of RTS before
and n has not sent out a CTS before
and n has not received CTS(n) before
and n received only one RTS(n) in mini-slot (¢ — 1)
do: node n sends out a CTS responding to the RTS(n)
received in mini-slot (¢s — 1);
end if
Step 2.2. The second micro-slot: RTS transmission
if 7 has not overheard in the past any CTS(m), Vm # n
and n has not overheard any collision of CTS before
and n has not sent a CTS before and b,, = ¢
do: node n sends out an RTS(r,,) to node r,,;
end if
end for
Step 3. Schedule for links {(n,i) : (n,i) € L}:
fini(t) = pini(t — D)oni(t), Vi # rn 2 (n,4) € L.
if n received CTS(n) from r, in Step 2 do:
if Z]EJ\/’(”),.”)\{(n,cr'n,)} it = 1v;(t) >0
do: jinr, (t) =05
else
do: finr, (1) =1 Wp. P(n,rp)i
Hnrn (8) = 0 W.p. (1 = pn.r,));
end if
else (i.e., (n,r,) failed the RTS-CTS handshake)
do: finr, (t) = pinr, (t — 1)vnr, (£);
end if
Step 4. At the end of time slot ¢:
if pnr, (t) =1 do:
broadcast the updated v(,,,,.,)(t + 1) to neighboring nodes,
i.e., nodes 4 such that there exists some node j with (,5) € Ny, )-

end if

Fig. 4. Distributed implementation of the v(t)-regulated CSMA algorithm.

data transmissions. The CSMA algorithm is executed at each node
ne N for each time slot t, as illustrated in Fig. 4. At the begin-
ning of each time slot t, the node n selects a link (n, r;) from I,(t)
uniformly at random and chooses a random backoff time from the
first (Ts-1) mini-slots (Step 1 in Fig. 4). Then under the conditions
speficified in Step 2 in Fig. 4, node n initiates an RTS (Request-To-
Send)-CTS (Clear-To-Send) handshake with its destination node ry,
when the backoff duration is over. To facilitate the RTS/CTS hand-
shake, each mini-slot is further split into two micro-slots (Step 2.1

SN
©

Fig. 5. 10-link network topology for implementation.

and Step 2.2 in Fig. 4), dedicated for CTS and RTS transmissions, re-
spectively. After the RTS/CTS handshakes, the CSMA algorithm as-
signs link rates (Step 3 in Fig. 4) following the v(t)-regulated CSMA
algorithm described in Section 2.2. At the end of each time slot
t, the source node n of any scheduled link (n, r;) is required to
broadcast its updated v, .,)(t + 1) to its neighboring nodes (Step
4 in Fig. 4).

For narrative clarity, in Fig. 4 we let RTS(n) and CTS(n) denote,
respectively, the RTS intended for node n and the CTS intended for
node n, with n e V.

It is not difficult to check that under this distributed imple-
mentation, any link set x(t) whose links succeed in the RTS-CTS
handshake (i.e.,, Step 2 in Fig. 4) is an independent link set and
Up(x(t))=0X(t) = L(V(t)), satisfying ((3)). Thus, the distributed al-
gorithm is equivalent to the v(t)-regulated CSMA algorithm intro-
duced in Section 2.2.

4.2. Implementation results

In this section, v(t)-regulated CSMA algorithm is validated in
implementation vis-a-vis the QCSMA algorithm [4], a throughput-
optimal queue-length-based algorithm. We employ the link weight
function f(x) =log(x+ 1), since it is shown via simulation in
[4,6] that the log(-) form yields better delay performance than
f(x) =x[3] and f(x) = loglog(x +e) [5].

To quantify the degree of temporal starvation, we use the sec-
ond moment of inter-service intervals as our metric. Specifically,
s)(i) denoting the scheduled service time of ith packet of link I € £,
we define the second moment of inter-service intervals J; for link [
as:

I
I fim 3G =50

Note that a smaller J; implies that link ! is scheduled more fre-
quently and its idle periods are shorter, indicating a lower level of
temporal starvation. For analytical simplicity, in the implementa-
tion and simulation evaluation, we refer to the second moment of
inter-service intervals as the average of J; over all links [ € L.

We implement the proposed algorithm (introduced in
Section 4.1) and QCSMA algorithm in hardware on the Cross-
bow TelosB platform running NanoQplus OS [15]. Each Crossbow
TelosB node is equipped with an IEEE 802.15.4 compliant RF
transceiver and a programmable MSP430 processor [16]. To main-
tain the time-slotted structure, nodes periodically exchange timing
information every 50 time slots to realign their internal clocks,
which is sufficient in this experiment to achieve a data collision
rate of less than 0.01%.

We employ a node-exclusive interference model (or one-hop in-
terference model) under the 10-link topology in Fig. 5. We assume
an identical arrival rate for all 10 communication links, i.e, A; = A,
I € £. Since at most two links can be active at each time slot un-
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Fig. 6. Implementation results on delay and 2nd moment of inter-service intervals with respect to arrival rate under topology in Fig. 5, given 1, = ¢, Vl € L.

der the node-exclusive model, the stabilizable range of A is 0 < A
< 0.2, with €; = OTZ — 1 characterizing the distance between A and
the maximum per-link throughput 0.2. The arrival processes A(t)
follow independent Bernoulli processes with parameter A.

Fig. 6 illustrates the delay and the second moment of inter-
service intervals under the two algorithms (where the time slot
length is 360 ms with T; = 6, and the confidence interval is 0.9),
with n; = nc, VI € £. The implementation results are averaged over
5000 time slots to 90,000 time slots for different arrival rates in 5
runs such that the confidence interval is of acceptable range. When
arrival rate is lower than 0.18 (90% of maximum throughput), the
packet delay and the second moment of inter-service intervals,
both averaged over all 10 links, are much smaller under the v(t)-
regulated CSMA algorithm than the QCSMA algorithm. The differ-
ence between the two algorithms in performance diminishes when
the arrival rate further increases. This can be explained as follows:
When the arrival rate increases towards the maximum (the value
of 0.2 in this case), the queue lengths become larger, and hence the
value of the threshold n¢ (¢ = 2.7 in this implementation setup)
becomes negligibly small compared to the queue length. Thus, the
behavior of v(t)-regulated CSMA algorithm approaches the QCSMA
algorithm when the arrival rate A is close to 0.2. However, even
in a large-arrival-rate region, the v(t)-regulated CSMA algorithm
still yields much better performance. For instance, at an arrival rate
A = 0.19 (achieving 95% of maximum throughput), the packet de-
lay is 53% smaller under the v(t)-regulated CSMA algorithm than
the QCSMA algorithm; and the second moment of inter-service in-
tervals is 46% smaller.

We also note that under both algorithms, in a small-arrival-rate
regime (e.g., A = 0.05, achieving 25% of the maximum throughput),
the inter-service intervals are potentially spaced farther apart be-
cause packet arrivals are farther apart, as well. Therefore, the sec-
ond moment of inter-service intervals decreases when the arrival
rate increases initially, as shown in Fig. 6. When arrival rate fur-
ther increases, average queue lengths become larger, and it is more
likely that an active link occupies the channel for prolonged pe-
riods of time followed by prolonged periods of inactivity, leading
to a larger second moment of inter-service intervals, i.e., a higher
level of temporal starvation.

5. Further numerical results

In this section, we further present a numerical comparative
study of v(t)-regulated CSMA algorithm with reference to the QC-
SMA algorithm. In the following two subsections, we illustrate the
numerical performance using two different interference models

under two different network topologies with the link weight func-
tion f(x) =log(x +1).

5.1. Numerical evaluation in a 10-link topology

In this subsection, we consider the same topology of Fig. 5 and
the node-exclusive interference model with same arrival processes
as in Section 4. To complement the implementation results, we fur-
ther study the transient behavior of the system and the effect of
thresholds (17;);c, on the algorithm performance.

When arrival rate A = 0.19 (i.e., achieving 95% of the maximum
stabilizable throughput), we find that all queues are stabilized and
the throughput of 1.9 (summed over ten links) is indeed achieved.
A snapshot of link rate schedules is shown in Fig. 7 with the sug-
gested thresholds 7, = nc, VI € £. To deliver a clear picture of in-
stantaneous schedules, we only show the schedules for links (1, 2),
(1,3),(4, 1), and (5, 1) in Fig. 7. Compared to QCSMA algorithm un-
der which a single link can occupy the channel over hundreds of
time slots, the switch of link schedules is much more frequent un-
der the v(t)-regulated CSMA algorithm. Thus, the temporal starva-
tion issue is successfully mitigated under the proposed algorithm.

We now study the effect of thresholds (1;),c, on the perfor-
mance of the v(t)-regulated CSMA algorithm. In Fig. 8 with arrival
rate A = 0.1, we show the performance of delay and second mo-
ment of inter-service intervals by varying the value of n, where we
let n; =n, | € £. The starred point in Fig. 8 denotes the case with
n; =nc, | € £. We observe that ¢ is indeed a favorable choice for
the thresholds (7;),c, in that it leads to comparably good delay
performance among all the thresholds. J; performance could fur-
ther be improved when 7 grows larger than 7. However, we note
that the decrease in J; is trivial compared to the increase in delay
as n becomes larger.

From Fig. 8, we see that even a small value of threshold (e.g.,
n = 1) can significantly reduce the delay and mitigate the issue of
temporal starvation compared to the QCSMA algorithm. However,
we notice that, as n gets larger, the delay increases. Recall that un-
der v(t)-regulated CSMA algorithm, only link weights (increasing
functions f of queue lengths) greater than the threshold 5 can be
scheduled. Thus, the average queue packet length is greater than
or equal to f~1(|n]), where | - | denotes the floor function. When
n grows significantly large, f~1(|n|) dominates the queue length.
Thus, according to the Little’s Law, the average packet delay in-
creases accordingly in a large-n-regime.

We also observe that, when 7 increases, the duration of a link
occupying the channel is expected to become smaller, leading to
a more frequent change in schedules. Hence, the second moment
of inter-service intervals J; becomes smaller in Fig. 8. However, we
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Fig. 8. Numerical performance of delay and 2nd moment of inter-service interval with respect to threshold n under topology in Fig. 5, given arrival rate A = 0.1.

note this decrease in J is trivial compared to the increase in delay
when 1 becomes large. Therefore, we consider 7¢ to be a good
choice for the thresholds.

5.2. Numerical comparison in a grid topology

It is pointed out in [11] that regular throughput-optimal CSMA
algorithms (such as the QCSMA algorithm) suffer from serious
temporal starvation in grid/lattice topology. In this subsection,
we show that under a grid topology, our proposed v(t)-regulated
CSMA algorithm does not suffer as much from the temporal star-
vation as the QCSMA algorithm. In fact, our proposed algorithm far
outperforms the QCSMA algorithm in both delay and second mo-
ment of inter-service intervals. Note that different from the algo-
rithm in [11] which is intended for grid/lattice topology only, our
proposed algorithm works for arbitrary network topologies under
general conflict graph interference model.

Specifically, we employ a two-hop interference model under the
grid topology in Fig. 9. The arrival rate vector is set as A; = %)»
for[=1,4; A;= %A, for [ =5,9,14,18,23,25,27,28,31; and A, =
%)\, otherwise. The stabilizable range for A is 0 < A < 1, since
these arrival rates can be represented by a convex combination of
12 maximal matching schedules. The arrival processes A(t) follow
independent Bernoulli processes with parameter A, VI € £. In ad-

1 2 3 /4
5 6 7 8 9

10 /7 1 12/ 13
14 15 16 17 18

19 /20 02 S0 22
23 24 25 26 27

»

N 28 [/ \29 A 30 N3

/

Fig. 9. Grid network topology for simulation comparison.

dition, we let €, = % — 1 which denotes the distance between the

current arrival rates and the maximum per-link throughput.
Similar to the results under the 10-link topology in the previ-

ous section, results in Fig. 10 indicate that the proposed algorithm
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significantly outperforms the QCSMA algorithm in terms of delay
and second moment of inter-service intervals. In Fig. 11, we show
that 7, determined by (18), is a suitable choice for the threshold,
since a larger threshold can lead to a large increase in delay with
insignificant improvement on the second moment of inter-service
intervals.

6. Conclusions and future works

In this paper, we proposed a v(t)-regulated CSMA algorithm
that can be implemented via a distributed method and achieve op-
timal throughput in wireless networks with single-hop transmis-
sions. In the algorithm, link scheduling is performed favoring links
with sufficiently large queue lengths to reduce average delay and
ensure a more frequent switch between schedules. Via both hard-
ware implementation and numerical evaluations, we show that
compared to the QCSMA algorithm, the proposed algorithm signif-
icantly improves the delay performance and mitigates the problem
of temporal starvation.

In our future work, we will further study the performance of
the proposed CSMA algorithm via a larger scale testbed implemen-
tation. Proving the throughput optimality without the time-scale
separation assumption will also be one of our future research di-
rections.
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Appendix A. Proof of Theorem 2

We utilize the following two lemmas to prove Theorem 2.

Lemma 4. Given kT <t < (k+1)T and any €4 > O, the following
inequality holds

1+€4) max w;(t) > max w(t
( 4 er(v(kT))Z l Xe I(V(t))Z ’()

when

[lw()|] > fmaXZf(f (m) + (T = 1DAw). (19)
lex

Proof. Let t = kT +1i, 0 < i < T. We can bound Q/(t) by the follow-

ing

Q(kT) —i < Qi(t) < Q(kT) + iAp, (20)

according to the queue dynamics (2). For analytical simplicity, we
denote the following independent sets

X; £ arg max wy(t
! gXEI(V(kT))Z l()

X, & max Z w(t).

st(v(t))

Since
Xy = (Xp NLV(KT))) U (X\L(V(KT)))

and

> owit) =Y wi,

lex,NL(v(KT)) lexq
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we obtain that

D> owi(t) = > wi(t)

lex; lexy

< Z w(t) (21)
lex\L(V(KT))

< Y fUTTo) + (T - 1DAw),

lexo\L(V(KT))

where we have employed (20) in the last inequality.
When (19) holds,

WO > max f(F~ () + (T = DAw),

which leads to the following inequality:
max Q;(t) > max f~' () + (T — 1Ay
leL leL

>Q;(kT) + (T — 1Ay = Q;(t),
for any j € £\L£(v(kT)). Hence, when (19) holds, argmax;., Q,(t) €
L(v(kT)) and

gw,(t) = max wi(0) = [[wl| (22)

When (19
(1+€) ) wi(t)

lexq

R AGEIANIGI

lexy

> 2 wi(0) +max Y F(F ) + (T = DAw) = Y wi(D).

lex, lex lexy

) is satisfied, we conclude

where the first and the last inequalities follow (22) and (21), re-
spectively. This completes the proof of Lemma 4. O

Lemma 5. With the vi(t)-regulated CSMA algorithm, under the time-
scale separation assumption, for any given 0 < €{, 81 < 1, we can find
B'(€},81)% such that, whenever, ||w(t)|| > B,

Y wiOm©) = (1 - ) 2 > Wi (23)

leL

Proof. Similar to the derivation of inequality (11) in Lemma 1, un-
der the time-scale separation assumption, we can obtain inequal-
ity (24) through the regular throughput-optimal CSMA algorithm
on vy(t)-regulated topology (N, L(vr(t))). Specifically, given 0 <
€.61 <1 and ¢ = %, we can find B{(€q, 61) > 0 such that w.p.
greater than (1 — &), the vy(t)-regulated CSMA algorithm sched-
ules (1 (t))c, satisfy:

Ywrom® = (1-5) max S wir(©)

leL
whenever n;n;}xw,,r(t) > Bj. (24)
€
Since f(x) < 1, Vx > 0 (from Property (iii) of the link weight

function f), and

Q) = F(QKT)) = f/(Q)(Q(t) — Q(KT))

where Q; lies between Q(t) and Q,(kT), from (20), we have

w (kT) —i <w;(t) <w;(kT) +iAy, V] € L. (25)
From (25) we obtain that

ZWI (t) < Z(Wl (KT) +iAm)

lexy lexy

(26)
< max
xXeZ(v(kT))

Z wy (KT) + iAy max > ey

leL

2 The construction of such a constant B’ is provided in the proof.

and
> owi O (t) =y wikT)py(t) — in)}jIXZH@x}- (27)
leL leL leL

Applying (26) and (27) to (24), we have, w.p. greater than (1 —
81), whenever ||w(kT)|| > By,

S wi©)p(0)
leL
>(1- 4 xe?‘l(va(l){(T))ZWlT(t) — lmaxgluex
> (1= Y w©)- (T—1>(1+AM(1——>)max21,Ex}
lexy
> (1-€1) ) w(t), when [|w(®)|| > Bs,
lexy
— (- V& 1+ V&) Y w(®) (28)

lexq

where

By 2 max [£(f7 (1) + Aw(T = D). 2T - 1)

€1
[1 +An(1 - 7)] r{(leazxghzex}
€

Note that when ||w(t)|| > Bs,
wE&D| =f(QW) | — iAm)
>f(f~'(B3) — (T —1)Ay) = B,

where we have utilized inequality (20).
Employing Lemma 4 to (28) with €4 = /€7, we conclude, w.p.
greater than (1 — &;), whenever ||w(t)|| > B/,

(1 - 621) Y wio).

lex,

dowiOwp(t) =

leL

where B'=max{Bs, 2 a maxxer Y jex S (F1 () +(T — 1)Ay)}, which

completes the proof O

Since the vy(t)-regulated CSMA algorithm has the same prop-
erty ((23) in Lemma 5) as the v(t)-regulated CSMA algorithm ((6)
in Lemma 1), the proof of Theorem 2 directly follows that of
Theorem 1 in Section 2.5.
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