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Spurious momentum mismatch introduced by an approximate model
of acousto-optic interactions
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In acousto-optic interactions, the concept of momentum mismatch introduced by some books is
misleading and nonexistent because the mismatch itself is caused by the approximate model used t
explain the interactions. The so-called mismatch is very small and should not be handled with an
approximate model. We use an exact model to satisfy Bragg condition, conservation of energy, and
conservation of momentum. The difference between the exact model and the approximate model is
actually what causes the mismatch. ©1996 American Institute of Physics.
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In acousto-optic interactions, the concept of moment
mismatch introduced by some books is surprising.1,2 Ex-
amples are generally given to support the concept, but
unclosed momentum diagram is often the evidence that c
servation of momentum is violated. At the same time, tho
who do not accept the idea of momentum mismatch have
offered any reason to explain the unclosed diagram. Beca
of this controversy, the description of acousto-optic inter
tions given in some textbooks is incomplete.

The problem arises because an approximate mo
which considers the angles of incidence and diffraction to
equal, is used to describe the interactions. We will show t
strictly speaking these angles are not in fact equal. The
sulting so-called mismatch is very small and cannot
handled with an approximate model.

We resolve the momentum mismatch problem by us
an exact model that satisfies simultaneously the Bragg c
dition, conservation of energy, and conservation of mom
tum. The tiny difference between the exact model and
approximate model is the source of the ‘‘momentum m
match.’’

The diffraction of light by sound waves can be describ
as an interaction with three particles, the incident photon,
diffracted photon, and the acoustic phonon, which have
satisfy the Bragg diffraction condition. A light wave of fre
quencyv and propagation vectork can be considered as
stream of photons with momentum\k and energy\v. Like-
wise, the sound wave of frequencyV and propagation vecto
K can be thought of as phonons with momentum\K and
energy\V. The widely used three-particle momentum di
gram is shown in Fig. 1. In this model, both the incide
angle and the diffracted angle are taken to be the same a
Bragg angle.

Strictly speaking, however, the two angles are sligh
different. In relativistic optics, when a plane mirror moves
a direction perpendicular to its surface, the angle of reflect
changes. In Fig. 2, with the mirror moving toward the lig

a!Electronic mail: ytwu@magnus.acs.ohio-state.edu
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source, the reflection anglea2 becomes less than the inciden
anglea1.

In acousto-optics, the sound wave in the crystal induc
a variation of the dielectric constant that causes partial
flection of the incident light into the direction of the dif-
fracted light. Thus the sound wave is analogous to a movi
diffraction grating with rulings separated by a distance equ
to the acoustic wavelengthL. We can find the relation be-
tween the direction of the incident wave (k1) and the direc-
tion of the diffracted wave (k2) by the following
equations,3,4 where the anglesa1, a2 are as shown in Fig. 2:

tan~a1/2!

tan~a2/2!
5

~c/n!1v
~c/n!2v

. ~1!

Equation~1! can be rewritten as

sin@~a11a2!/2#

sin@~a12a2!/2#
5

c

nv
. ~2!

Here,c is the speed of light in vacuum,n is the refractive
index, andv is the velocity of the moving surface, in this
case the acoustic wave front traveling in the crystal. F
simplicity, only the isotropic case is discussed here, but t
same treatment applies in anisotropic materials.

FIG. 1. Traditional momentum diagram.L: The wavelength of the acoustic
wave.uB : The Bragg angle.
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Next, in order to satisfy the Bragg condition, we have
consider the case for constructive interference in the dire
tion of k2, as shown in Fig. 3.

For constructive interference

k1L cosa11k2L cosa252mp, ~3!

wherem is an integer. We can letm51 and rearrange the
equation as

k1 cosa11k2 cosa25
2p

L
. ~4!

Now we can construct an exact momentum diagram in Fig
and check the conservations of energy and momentum at
same time.

From Fig. 4, the conservation of momentum is exact
satisfied by\k22\k15\K and the conservation of energy
requiresv22v15V, which we will now prove. Sincev2,
v1, andV are the frequencies of the diffracted wave, th
incident wave, and the sound wave, respectively, we have
prove that

FIG. 2. With the mirror moving toward the source, the angle of reflectio
becomes less,a1.a2. ~Adapted from Ref. 4.!

FIG. 3. The Bragg condition.
Appl. Phys. Lett., Vol. 68, No. 22, 27 May 1996
Downloaded¬06¬Aug¬2003¬to¬128.146.90.9.¬Redistribution¬subject
o
c-

4
the

y

e
to

k22k15
nV

c
,

S k25uk2u5
nv2

c
, k15

nv1

c
, K5

V

v D . ~5!

The proof is as follows. By the law of sines,

k1
sin a2

5
k2

sin a1
5
2p/L

sin F
5

k22k1
sin a12sin a2

, ~6!

whereF5p2(a11a2). Solving fork22k1 from Eq. ~6!

k22k15S 2p

L D sin a12sin a2

sin F

5S 2p

L D sin a12sin a2

sin@p2~a11a2!#
,

k22k15S 2p

L D 2 sin@~a12a2!/2#cos@~a11a2!/2#

sin~a11a2!
,

k22k15S 2p

L D 2 sin@~a12a2!/2#cos@~a11a2!/2#

2 sin@~a11a2!/2#cos@~a11a2!/2#
.

Using Eq.~2!,

k22k15S 2p

L D 2 sin@~a12a2!/2#

2 sin@~a11a2!/2#
5
2p

L

nv
c

5
nV

c
.

But k1,25nv1,2/c, so v22v15V. Therefore, the exact
model proposed here simultaneously satisfies the Bragg c
dition, conservation of energy, and conservation of mom
tum. Previous models for the acousto-optic interaction ha
all involved approximations. For example, the momentu
mismatch model1,2 takes the angles of incidence and refle
tion to be equal. Because of the different lengths of th
respectivek vectors, the momentum diagram does not clo
If we are interested in the difference betweenk1 andk2, we
cannot neglect the difference between the two angles.
approximation of the two angles is what causes the mom
tum mismatch in further calculations involvingk22k1. In
practice the acoustic frequencyV is tiny compared to the

n

FIG. 4. The exact model.
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opticalv’s, so this approximate model serves for most pra
tical purposes, although it is not strictly correct.

Compared to the frequency of the light, the frequen
shift is very small but it can be measured accurately in t
laboratory because the frequency of light is very high. T
slight difference in the anglesa1, a2, however, would not
normally be observed due to the finite diffraction angle. F
an acousto-optic diffraction of light of 331014 Hz and
acoustic frequency of 500 MHz in a material such as sa
phire (Al2O3 n51.76,v5113103 m/s!, the angular differ-
ence is only 0.0074°. Nevertheless, the difference in the d
fraction angle is necessary for the frequency shift in t
diffracted beam to exist.

In physical reality, the wave fronts of light and sound a
not plane. It is impossible to generate a true single pla
wave of light. However, it is well known that any field sat
isfying Helmholt’s equation may be decomposed into pla
waves. Considering the angular plane-wave spectrum5 of
waves can help explain the deviation from the propagati
direction. From the wave interaction point of view, ther
3068 Appl. Phys. Lett., Vol. 68, No. 22, 27 May 1996
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exists a one-to-one correspondence between plane wave
sound and plane waves of light, which could also be illus
trated quantum mechanically by the vector diagram.

In summary, an exact model for acousto-optic intera
tions is proposed, which makes no approximations and s
isfies the Bragg condition, conservation of energy, and clos
the momentum diagram. Unlike other approaches, it is ea
to understand and does not have to prove independently
Bragg condition and Doppler-shift formula.

The authors would like to thank Dr. H. Hsu for his dis
cussion.
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